We present high-resolution numerical solutions of the depth-averaged two-dimensional inviscid shallow water equations which provide new information on shock reflection configuration within the von Neumann paradox conditions. The computed flow field and shock wave patterns close to the triple point for the Guderley and the Vasilev reflections confirm the four-wave theory. We suggest that the most likely Guderley reflection model is a four-wave pattern with a compression wave that originates along the downstream boundary of the supercritical patch. The compression wave, after being refracted by the slip stream, turns the flow behind the Guderley stem further toward the wall until critical condition is achieved.
I. INTRODUCTION
When a uniform supercritical channel flow is sharply turned by a wedge on one channel wall, a shock wave forms and reflects from the opposite wall in three main, distinctly different configurations named regular reflection ͑RR͒, irregular reflection ͑IR͒, and Guderley reflection ͑GR͒.
1,2
Within the framework of shallow free-surface flows, the basic equations for shock waves and shock wave reflection were first proposed by Ippen. 3 However, Ippen limited his attention to RR problems, and since his pioneering work the study on shock wave reflection in shallow supercritical flows did not record any notable theoretical progress.
On the contrary, shock wave reflection was extensively studied in gas dynamics. In the early 1940s, von Neumann 4 developed the two-and three-shock theories for RR and IR, respectively, based on mass, momentum, and energy conservation equations. However, experimental evidence ͑see, for instance, Refs. 1 and 2͒ pointed out that a reflection pattern similar to IR ͑i.e., with three shocks and a slip stream meeting at a triple point͒ also exists within a range of fundamental parameters where the von Neumann theory predicts neither RR nor IR. This discrepancy between theory and experiments is called the "von Neumann paradox." The structure of the unpredicted reflection pattern was discussed in some detail by Colella and Henderson, 5 who named it von Neumann reflection ͑vNR͒.
Many different resolutions of this paradox have been suggested over the last 60 years ͑for a review the reader is referred to Refs. 6 and 7͒. Among the many, the theoretically consistent solution proposed by Guderley 8 deserves to be mentioned here. According to Guderley 8 an expansion fan originates at the triple point, behind the reflected shock, and a supercritical patch develops attached to the Mach stem. This model, referred to as the four-wave theory, resolves the apparent paradox, but it has been disregarded for a long time possibly because of the high resolution required to detect the extremely small supercritical patch. 9 Great advances have been made in the past few years, mainly thanks to improved numerical and experimental capabilities. Vasil'ev 10 ͑see also Ref. 9͒ performed a highresolution numerical study using the full Euler equations and found that a supersonic patch in fact exists with an expansion fan centered at the triple point ͓Fig. 1͑a͔͒. Numerical results by Hunter and Brio 11 in the limit of small disturbances and by Zakharian et al. 12 who solved the full Euler equations also showed the supersonic patch at the triple point, in the region between the reflected shock and the Mach stem ͓Fig. 1͑b͔͒. The more refined numerical study by Tesdall and Hunter 6 further confirmed the correctness of the four-wave theory and suggested the existence of a sequence of triple points and supersonic patches with decreasing size aligned along the Mach stem ͓Fig. 1͑c͔͒. Recently, Skews and Ashworth 7 performed unique experiments in a special shock tube which allows Mach stems long enough to focus on the immediate region around the triple point with a suitable high resolution. Their results detected the expansion fan and clearly showed the supersonic patch behind the triple point together with a complex flow structure nearby, which could be interpreted as an indication of the cascade of supersonic patches predicted by Tesdall and Hunter. 6 The authors proposed to refer to this reflection wave pattern as the GR. 7 It is worth pointing out that Vasilev et al.
2 recently suggested that the cascade of supersonic patches can be a transient phenomenon, i.e., the cascade pattern possibly exists only "during the transition to the self-similar flow both when investigated numerically 6 and experimentally." 7 In summary, to date, the four-wave theory, whose governing equations were presented by Vasilev et al.,
2 is recognized as the solution to the von Neumann paradox.
2 However, as detailed in Sec. III B, the four-wave theory does not provide a complete explanation to the GR. Moreover, previous numerical studies have not the sufficient resolution to quantitatively test the four-wave theory. The aim of this study is to investigate such issues by a suitably refined numerical approach.
Although the present study remains within the framework of shallow water flow, we are confident that it can be of interest in gas dynamics as well.
The paper is organized as follows. Section II provides background information on the theoretical and numerical approach used to study shock wave reflection. The reflection domain in the space of fundamental parameters for a supercritical free-surface flow is then presented and discussed ͑Sec. II A͒. Section II B details the numerical model.
Numerical results are presented in Sec. III and compared to theoretical predictions. An overall discussion of the flow and wave pattern for the GR as suggested by numerical experiments is given in Sec. III B. The Vasilev reflection, which is a special case of the GR, is discussed in Sec. III C. Finally, some conclusions are drawn in Sec. IV.
II. BACKGROUND THEORY AND NUMERICAL MODEL
This section is intended to provide the reader with necessary background information on the theoretical approach commonly used to study shock wave reflection. The main assumptions underlying the theory are that the fluid is inviscid, that the pressure is hydrostatic, that all the waves are plane and infinitely thin, and that they separate regions having uniform properties.
The basic equations that describe regular and IR patterns in compressible fluids, known as the two-and three-shock theories, respectively, were originally formulated by von Neumann. 4 Within the framework of depth-averaged shallow water flows, the analogous equations read 
Here h is the flow depth, F is the Froude number, ␤ is the angle of the front to the upstream velocity direction, and is the flow deflection through the shock, as defined in Fig. 2 ; the subscript 0 refers to the flow upstream of the shock. In the limit of vanishingly small shocks, the above equations reduce to
͑6͒
Equations ͑1͒ and ͑2͒ can be combined to eliminate ␤. The resulting equation, referred to as shock polar, relates the ratio h / h 0 to the deviation for any given Froude number of the incoming flow.
To investigate shock wave reflection pattern, it is convenient to superpose on one diagram the incident and the reflected polar with the origin of the reflected polar placed on the incident polar at . Examples of this graphical representation are given and discussed in Secs. II A and II B.
A comprehensive state of the knowledge on steady shock wave reflection is given in Ref. 1; in Sec. II A we shortly recall the main reflection patterns which occur in steady shallow water flow.
A. The reflection domain
RR occurs when the solution to the reflection problem is given by the intersection of the reflected shock polar with the h / h 0 axis ͑two-shock theory͒. This is the case when the flow deviation is smaller than the detachment condition for the flow behind the incident shock ͑ Ͻ D ͒, i.e., when the re- 
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flected shock polar has intersection with the h / h 0 axis ͓Fig. 2͑a͔͒. IR occurs when the flow deviation is between the von Neumann condition ͑ N ͒ and the normal reflected shock condition ͑ NRS ͒, the latter being the flow deviation such that the flow direction does not change through the reflected shock ͑i.e., the reflected shock is a normal shock͒. The solution to IR is given, in accordance with the three-shock theory, by the intersection between the reflected and the incident shock polar ͓Fig. 2͑b͔͒. In this reflection pattern, three shocks, the incident shock, the reflected shock, and the Mach stem M, meet at the triple point T. A contact discontinuity, the slip stream S, also originates at T and separates the flow behind R from the flow behind M. Flow velocity is discontinuous across S, while water depth and flow direction are both continuous. Flow properties along the Mach stem from T to the reflecting wall are given by the points along the incident shock polar between the intersection with the reflected shock polar and the subcritical zero deflection condition N. A special case of IR, predicted by the three-shock theory, is the vNR.
1,2 It occurs when the intersection between the I and R polars is found on the right of the deviation . In this case, the reflected shock is directed upstream, and the flow behind the reflected shock is further deflected toward the reflecting wall. The range of for possible vNR is NRS Ͻ Ͻ G , where G is the deviation such that the reflected shock polar is internally tangent to the incident shock polar.
When the reflected polar intersects neither the h / h 0 axis nor the incident shock polar, i.e., when both the two-and three-shock theories have no solutions ͑ Ͼ G ͒, we have either a GR or a Vasilev reflection.
1,2 These two types of reflection are detailed in Sec. III.
Finally, when the flow behind the incident shock is subcritical, no reflection is possible. Critical flow condition behind the incident shock, which occurs when = c , is thus the upper boundary of the reflection domain. The reflection domain in the ͑F 0 , ͒ plane is shown in Fig. 3 for the main reflection patterns occurring in steady shallow water flow.
B. The numerical model
The unsteady depth-averaged shallow water equations ͑SWEs͒ are used to solve for the shock reflection patterns in a supercritical channel flow with a linear contraction at moderately low Froude numbers.
The conservative form of depth-averaged SWEs can be written in vector form as
where
and u, v are the flow velocity components in the x, y directions, respectively. On neglecting viscosity and assuming a flat bottom elevation, the source term S in Eq. ͑7͒ is identically zero. The SWEs are solved with a Godunov-type finite volume method on an unstructured triangular grid which allows for an easy and regular spatial refinement. We apply the weighted averaged flux ͑WAF͒ scheme to achieve secondorder accuracy. 13 Spurious oscillations in the vicinity of high gradients, typical of second-order methods, are removed by enforcing a total variation diminishing constraint to the scheme. The chosen WAF limiter function is equivalent to van Leer's conventional flux limiter. 14 In order to resolve the solution near the triple point we use a nested-block grid refinement technique which consists of two steps. First, the solution is found over the whole domain with proper boundary conditions. In this step the grid is refined around the triple point and in the subcritical flow region behind the Mach stem and the reflected shock.
Second, a portion of the domain, which includes the triple point, is considered and remeshed with a finer resolution grid. The steady state solution is then computed over the reduced domain with initial and boundary conditions extracted from the converged results of the preceding simulation.
The second step is repeated several times. In each iteration the number of computational elements is maintained and the domain around the triple point is reduced approximately by a factor of 4. As a result, the grid size ⌬ is halved.
Standard local grid refinement techniques implicitly assume that inaccuracy of the solution over the coarse-grid portion of the domain weakly affects the solution over the 
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refined region. Here we assume that the symmetric statement also holds, i.e., that the increased accuracy of the solution over the refined grid has negligible impact on the solution over the neighboring coarser grid. A grid refinement study confirmed that this assumption is fairly reasonable. We simulate the shock reflection pattern produced in a supercritical channel flow with a linear contraction ͑Fig. 4͒. Three different flow conditions are investigated, two belonging to the GR domain and one belonging to the Vasilev reflection domain ͑Fig. 3͒: The first flow condition has F 0 = 1.7 and = 10°, the second has F 0 = 1.3 and = 4°, and the third has F 0 = 1.93 and = 10°. The starting grid size ⌬, around the triple point, along the shocks and in the subcritical flow region behind the Mach stem and the reflected shock is approximately 0.05h M , h M being the Mach stem height.
The right ͑outflow͒ boundary is situated far enough downstream of the channel contraction so that the flow is supercritical on it and a radiation boundary condition is prescribed. The left boundary is a supercritical inflow where all variables ͑h , u , v͒ are specified. At the upper and lower boundaries, the inviscid ͑i.e., free slip͒ solid wall conditions are imposed.
III. RESULTS AND DISCUSSION

A. The four-wave model
Our numerical study provides a highly resolved flow field and shock pattern close to the triple point, which agrees with the four-wave model originally proposed by Guderley 8 and recently confirmed by theoretical, numerical, and experimental investigations.
2,6,7,9,10,12
The basic structure of the model is illustrated in Fig. 5 : The incident shock ͑I͒ reflects at the triple point T and the reflected shock ͑R͒ has a direction such that the flow behind it ͑region 2͒ is uniformly critical ͓Fig. 5͑c͔͒. Region 2 is bounded downstream by an expansion fan originating at the triple point, as suggested by Guderley, 8 with the upstream Mach wave normal to the flow direction in region 2. In the polar representation, the flow along the expansion fan is given by curve E, which is obtained by combining Eqs. ͑4͒ and ͑6͒ to eliminate F. The flow in regions 3 and 4 is given by the intersection of curve E with the incident shock polar I, as shown in 
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Defina, Susin, and Viero Phys. Fluids 20, 097102 ͑2008͒ of the two above shocks, i.e., a patch of supercritical flow cannot be distinguished. A certain minimum grid resolution is required to resolve the supercritical flow region behind the triple point, which depends on the reflection condition ͑F 0 , ͒. To more rigorously compare the theory with the numerical solution, we extracted numerical results with different grid resolution along circles with radius r =10⌬, centered at the triple point. Thus, with increasing of the grid resolution the distance from the triple point of the extracted results is comparably reduced. Figure 8 compares the analytic solution of the four-wave model with the computed flow depth, direction, and Froude number at different grid resolutions. It confirms that the reflection pattern predicted by the shock polar analysis is entirely reproduced in the computations with minor differences mainly due to the small number of computational grid points 
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͑Ϸ60͒ along the circle. Note that the positions of the shock waves and the expansion fan are correctly predicted as well.
B. The Guderley reflection model
It is worth noting that the above four-wave model correctly predicts the wave pattern around the triple point but is not the solution to the GR. In fact, the flow downstream of the I 1 shock ͓Fig. 5͑a͔͒ is still supercritical and it is further turned toward the wall. Next, we discuss two different possible solutions.
The flow of regions 0 and 4 together with shock wave I 1 ͓Fig. 5͑a͔͒ can be regarded as a new reflection problem with incident shock I 1 turning the flow from 0 =0 to 4 . Therefore a secondary triple point T 1 is added along I 1 and a further four-wave reflection arises around T 1 , similar to that around T ͓Fig. 9͔.
The flow of region 7 is supercritical yet again, and it is further turned toward the wall; an additional triple point is thus required. At each triple point addition, the reflected shock polar reduces in size, and the solution, in the polar diagram, moves toward the critical condition for the incident shock, c I . An infinite sequence of triple points is required for the solution to reach the critical condition along the polar of the incident shock. The last triple point of the sequence, T c I , lies on the incident shock polar at the critical condition c I , and the reflected shock polar reduces to a point. Triple points align along a finite length shock wave connecting the incident shock to the Mach stem. We refer to this short shock wave as the Guderley stem ͑G͒. It differs from the Mach stem in that the flow behind it is supercritical ͑Fig. 10͒. Not one slip stream but a beam of slip streams, with a thickness comparable to the Guderley stem height, separates the flow behind the Mach stem from the flow behind the reflected shock.
The sequence of four-wave reflections can be represented in the reflection domain ͑Fig. 3͒ as a series of points arranged along the line F = const, from the leading reflection condition to the c limit condition.
This model is similar to that proposed by Tesdall and Hunter 6 based on the numerical solution of the unsteady transonic disturbance equations for an ideal gas. They found that there is in fact a sequence of triple points and tiny supersonic patches immediately behind the leading triple point and expansion waves between the supercritical line and the Guderley stem. They also argued that the sequence might have an infinite number of triple points. In their model the expansion wave originating at each triple point reflects off the critical line as a compression wave. This compression wave forms a shock that hits the Guderley stem and reflects as the next expansion wave ͓see Fig. 1͑c͔͒ . The present numerical results for F 0 = 1.7 and = 10°as well as Vasil'ev and Kraiko's 9 computations ͓see Fig. 1͑a͔͒ show that the critical line is discontinuous when crossing the slip stream. Therefore, it appears unlikely that the compression wave resulting from the reflection of the expansion fan off the critical line can trigger the next supercritical patch. A sequence of "nearly independent" shocklets, controlled by the subcritical flow downstream, looks more reliable.
In search of these additional triple points and supercritical patches, we refined the numerical solution in the region between the slip stream and the Guderley stem. However, we could not find any further four-wave pattern. This result agrees with the suggestion by Vasilev et al.
2 that the cascade of supercritical patches develops only during unsteady flow conditions, which is not the present case. We therefore con- 
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clude that, for the simulated flow conditions, only one fourwave pattern exists. This leads to the second possible solution to the GR configuration.
Our numerical results show a weak and diffused compression wave within the supercritical patch. This compression wave possibly originates from the interaction of the supercritical flow in the patch with the subcritical flow immediately downstream, which imposes a vanishingly small deviation toward the reflecting wall at the critical line. This compression wave, after being refracted by the slip stream, turns the flow between the triple point and the critical line further toward the wall. We have one triple point and one slip stream, and the Guderley stem is a weakly curved shock extending from the triple point to the critical line. Figure 11 shows the computed flow direction within the supercritical patch for F 0 = 1.7 and = 10°and focuses on the area between the slip stream, the Guderley stem, and the critical line. The flow direction smoothly changes from Ϸ 12.96°near the triple point to Ϸ 13.06°at the critical line, as predicted by the theory. Relative flow depth h / h 0 ͑h / h 0 Ϸ 1.59 at the triple point, h / h 0 Ϸ 1.61 at the critical line͒ and Froude number ͑F Ϸ 1.015 at the triple point͒ exhibit similar behaviors and support the proposed model where a compression wave through the supercritical patch turns the flow ͑and the Guderley stem͒ toward the condition given by the critical point c I on the incident shock polar.
A mixed-type solution with a sequence of shocklets, each attached to a short and curved section of the Guderley stem, is also reliable. However, considering the numerical results by Tesdall and Hunter 6 we argue that such a mixedtype reflection may occur in the region of the reflection domain with a very small Froude number and flow deviation. The present study suggests that at moderately large Froude numbers and/or flow deviations the compression wave of the leading four-wave pattern is able to turn the flow immediately behind the Guderley stem of the required amount; thus one four-wave pattern suffices. A proof or disproof of this suggestion is lacking and the subject is deserving of further investigation.
C. The Vasilev reflection model
The Vasilev reflection 1 can be regarded as a special GR in that the solution is provided by the four-wave theory. It occurs when the characteristic from point c R intersects the subcritical branch of the incident shock polar ͓Fig. 12͑b͔͒. The limit condition which separates the Vasilev reflection from the GR is the deviation V ͑Fig. 3͒ such that the characteristic from point c R intersects the incident shock polar exactly at the critical condition c I .
The Vasilev reflection has one triple point and one slip stream. The Guderley stem shrinks to a point; thus the Mach stem originates at the triple point. Between the slip stream and the Mach stem, the flow is subcritical as for the IR ͓Fig. 12͑a͔͒.
We simulate the flow condition F 0 = 1.93 and = 10°w ithin the Vasilev reflection domain ͑Fig. 3͒. The computation requires a large number of refining steps because of the relatively high Froude number. The most refined grid has a mesh size of ⌬ =4ϫ 10 
IV. CONCLUSIONS
High-resolution numerical study of the Guderley and the Vasilev reflection within the framework of shallow water flow has shown that the four-wave theory, originally proposed by Guderley, 8 accurately predicts the complex flow pattern around the triple point.
The four-wave theory alone does not provide a complete solution to the GR configuration. According to the present numerical results, a weak and diffused compression wave through the supercritical patch turns the flow immediately behind the Guderley stem until critical condition is achieved.
The Vasilev reflection is completely resolved by the four-wave theory. The supercritical patch of this reflection configuration is extremely small because of the relatively high Froude number, and this work is the first time it has been resolved.
